Introduction. Gear transmissions are one of the most important parts of machines and mechanisms. The gears due to their positive properties are the most common and promising. It is confirmed by the constant growth of the world volume of their production by 4-6 % according to the data [1, 2] . A very optimistic forecast for 2018 was obtained from the results of an annual survey by the Gear Technology magazine [3] . That's why, researches which aimed to improving the quality performance of gear transmissions have great importance for the machinebuilding industry. Therefore, the improving of gear transmissions is, of course, a relevant objective.
Analysis of the literature. The promising method to improve gears is the selection of rational geometric parameters, which will allow the improvement of qualitative indicators without changing the materials, overall dimensions and accuracy. Significant success in the implementation of this method has been achieved in relation to conventional (involute) gears. This direction of research became relevant in the seventies of the last century [4, 5] and it continues to developing to nowadays [6, 7] . Practical implementation of this method is limited. First, the contact loading capacity of the involute gear is limited by the high value of the relative curvature of the teeth, which is furthemore depends of the wheels radii. Secondly, the bending loading capacity can not be increased significantly by the fillet modification due to fillet location within the radial clearance. Therefore, we can assume that conventional transmissions have insignificant reserves for further improvement.
In recent decades, Ukrainian researchers have been offered a range of new gears that are alternatives to traditional ones. These are evolute transmissions [8, 9] , "enkaitic" [10] , C-C transmissions [11, 12] , transmission which are synthesized according to serviceability indicators [13] [14] [15] , transmission with increased load capacity, which basic rack is profiled by algebraic and transcendental curves [16] [17] [18] . The new types of gearing proposed in works [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] have good perspectives for further implementation into industry due to the development of new highly effective methods of gear machining [19] [20] [21] . The peculiarity of works [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] is the focus on increasing the contact strength, so the main attention is given to the working area of the reference profile. The fillet area is considered separately, and it is defined by another curve, which is tangent to the working segment. This approach creates the technological difficulties, in particular when a cutting tool is designed. A new approach, which consist in simultaneously determine the shape of both sections of the profile as a solution to a single problem, is proposed in [22] for the formation of the reference profile. This approach was successfully implemented by the authors [23] by means of spline-interpolation of the reference profile by Bezier's curves. In this case, the profile is set in the form of a point diagram, and the equations describing the reference profile are polynomials of the third degree. This approach provides advantages in modeling of formation, but it complicates the mathematical description of the quality indicators of transmissions. A compromise in this case is to use as a profile the sine curve [24] or the conic curves. Possibility of conic curves using to profiling the basic rack is established in [25] . In particular, it was found in [25] that the gears which are generated by the hyperbolic reference profile can be used as an alternative for the most common involute gearing with a 20° profile angle and a 1.25 height ratio.
The purpose of the article. The article aims to create a basis for the mathematical model of the teeth formation by a hyperbolic reference profile, in particular the study of the internal geometry of the generating surface and machining gearing, which will further allow to determine the quality performance of such transmissions. Statement of the research task. The basis of the generating surface is the hyperbolic profile ( Fig. 1) , because it forms a normal section of surface (Fig. 2) . It should be noted that the hyperbolic reference profile, unlike the involute, is continuous in the segment from the pitch line (indicated by p.l. in Fig. 1 ) to the tip of the tooth ( A O r segment in Fig. 1 (Fig. 1) .
The coordinates of the profile are (1) where  -variable which determines the position of the profile point in height (Fig. 1);  -geometric parameter which is equal to (Fig. 1 
In formula (3) p  is the angle of reference profile on the pitch line [25] tg . 8 4
The range (5) 
The profile angle can also be determined by dependencies Parameters of the hyperbolic reference profile are the basis of the following studies in which equations (1)- (7) will be used.
2. Generating surface and its elements. If we describe the machining process as meshing of a rack tool (generating surface) with machined gears, the surface of the tooth will be an enveloping of the generating surface. To obtain the equation of the generating surface, we define the coordinate system s S which is associated with the generating surface. So the equation of this surface in the s S coordinate system is
where  is the variable value ( Fig. 2 ).
Fig. 2 -Basic parameters of generating surface
To obtain the formulas for determining the performance indicators of cylindrical gears, such elements of the generating surface as normal and its projections on the coordinate axis, the coefficients of the first and second quadratic forms, and the normal curvatures in the given directions are required.
The vector of normal is determined by [26] 
where  s r and  s r is the partial derivatives of the radius-vector of the generating surface (6) by the variables  and  :
Substituting (10) into (9), we obtain the projections of the normal vector to the generating surface ; 2
The module of the normal vector (11) is obtained taking into account [26]    (12) Then the unitary normal vector is 
The coefficients of the first quadratic form in the general case are equal [26]       ; (14) For the surface (8), substituting (10) into (14) we get
The coefficients of the second quadratic form [8] ; (17) Substituting (17) into (16), we obtain the coefficients of the second quadratic form
The coefficients (15) and (18) are the function of the parameters that determine the hyperbolic reference profile; formulas (15) and (18) are valid for spur racks with a hyperbolic profile.
The normal curvature of the production surface in general terms is determined by the formula [26] , 2 
That is typical for spur gears. The curvature along the const   lines is the curvature of the reference profile (Fig. 2) , it is equal to (20) and (21) are the main curvatures of the surface (6). After substituting (2) into (21) 3. Machining gearing. Let's consider the formation of the spur gears by rack-type tool. To study the machining gearing, i.e. the meshing of the rack-type tool with machined gears, we will define the following coordinate system (Fig. 3  are the angles of rotation of the pinion and gear. In the following, the index "1" will denote the parameters related to the pinion, the index "2" -the parameters related to the gear. Hence we will accept 1  i for the pinion 2  i for the gear, and when the workpiece is rotated to the corner i  , the surface is moved to the distance i i R  .
Fig. 3 -Coordinate systems
The transition from one coordinate system to another will be implemented in a matrix way. In the following we will need the matrices of the transition which are known from [27] . Applying the transition matrix from n S to S , we obtain in a fixed coordinate system the equation of generating surface
The equation of the machining gearing of the generating surface with the cutting gear has the form [27] 0,
where si V -the relative speed in the machining gearing of the generating surface with the machined gear [28] , it is equal to 
s r -the radius vector of the generating surface, its projection in a fixed coordinate system is (22) .
Given (24), (25) and (26) we get
where i and j are the unitary vectors of the Cartesian coordinate system. To obtain the true value of the relative velocity, the right part of (27) should be multiplied by the angular velocity i  .
Substituting the values (11) and (27) into (23) 
Equation (28) defines the relation between the parameter  (the height parameter  ) and the angle  . Having solved equation (28) (28) and (22) determine the surface of the machining gearing, i.e. the geometric locus of the points where the contact between the generating surface and the machined surface occurs. Excluding any parameter from these equations, for example φ, we obtain the equation of the surface of the machining gearing
When the same generating surfaces are used for cutting of the both of pinion and gear will have a case of line contact in the working gearing. For gears, which are cut without the addendum modification shift, as well as for Xgears with equal shift, the surface of the machining gearing coincides with the surface of action of the pinion and gear. Equation (31) 
Consequently, for hyperbolic gears the line of action is the curve of the forth order, which is similar to conchoid of Nicomedes.
Equations (22) and (28) determine the line of instantaneous contact of the generating surface and the surfaces of the teeth of the cutting gears. For gears, which are cut without the addendum modification shift, as well as for Xgears with equal shift, this line coincides with the instantaneous contact line of pinion and gear teeth.
Taking into account (27) and (28) relative speed in machining gearing is determined by the formula
The upper sign and 1  i is taken for the teeth of the pinion, the bottom one and 2  i is taken for the teeth of the gear in equations (25) - (28) and (32). 4. Parameters of the teeth surfaces of the machined gears. To determine the equations of the teeth surfaces of the hyperbolic pinion and gear, it is necessary to represent the equation of the surface of machining gearing in coordinate systems 1 S or 2 S . To do this, we use the matrix of the transition from S to i S [27] . 
The equations (33) allow us to determine the thickness of the root part of the teeth at the bending stress calculation, as well as the control dimensions of the gears which are cut. The equation (33) 
The equation (34) 
The real root of equation (35) 
The distance from the tip of the tooth to the measuring chord (measuring height) is equal to ,
The coordinates i x in (37) are determined from the equations (33) 5. Coefficients of quadratic forms of teeth surfaces. The first and second quadratic forms are the important geometric characteristic of the teeth surfaces, the coefficients of quadratic forms we define by formulas [26]       ; 
Normal unit vector of the teeth surfaces (33) of the pinion and gear related with the normal unit vector of generating surface (6) 
Derivatives of projections of the normal unit vector of the teeth surfaces can be determined by derivatives of the normal unit vector (13) Conclusions: 1. The fundamentals of the mathematical model of spur gears with teeth which are formed by a hyperbolic basic rack are developed. For such transmission, the generating surface is mathematically described with the definition of its basic geometric characteristics; the gearing of this surface with the machined teeth is investigated; the equation of these teeth surfaces is obtained, as well as the basic geometrical characteristics of these surfaces. The obtained equations also allow to determine the boundaries of the contact zone, the control dimensions of the teeth and to set limitations at the design stage.
2. Using the results obtained in the article, in the following it is possible to determine all geometric characteristics of the surfaces of the pinion and gears (for example, the curvature of the teeth surfaces in any given direction etc.). These characteristics are the basis for determining the performance indicators of transmission, whose teeth are generating by a hyperbolic basic rack. The comparative analysis of such transmissions can be carried out not only with traditional, but also with other types of gearings with the use of these indicators.
